We investigate the applicability of photonic crystal waveguides to high-resolution on-chip spectrometers. We argue that the figure of merit by which their performance should be gauged is not the group index bandwidth product, which photonic crystal waveguides are usually optimized for, but the working finesse, which relates to the maximum number of spectral lines resolvable by a slow-light spectrometer. Through numerical simulation, we show that a properly-optimized photonic crystal waveguide could form the basis of a spectrometer with a spectral resolution of 0.04 nm over a 12.5 nm bandwidth near 1550 nm and with a footprint six times smaller than a conventional spectrometer.
Introduction
In recent years, the demand for molecular and biological detection and identification has increased, making the development of miniaturized spectrometers a worthwhile pursuit. Considerable effort has been put towards answering this demand and, amongst the various implementations reported, two broad types of spectrometers are discerned:
Firstly, there are integrated interferometric spectrometers, such as arrayed-waveguide grating (AWG) spectrometers [1] , superprism spectrometers [2] , grating-based spectrometers [3, 4] , and on-chip implementations of the Mach-Zehnder geometry [5] . As these rely on dispersive elements for their operation, their spectral resolution is limited by the size of the dispersive region.
Secondly, there are arrays of cascaded optical elements with narrow-band spectral responses, such as Fabry-Perot filters [6] , microdonut resonators [7] , photonic crystal cavities [8, 9] , etc. In spectrometers of this second type, the spectral resolution is limited by the width of the frequency response of the individual elements, while their free spectral range limits the total number of resolvable spectral lines. For example, Xia et al., have reported a spectral resolution of ∼ 0.5 nm over a ∼ 50 nm bandwidth in a spectrometer with a footprint of ∼ 1 mm 2 [7] .
In comparison, the current state of the art in interferometric spectrometers gives a spectral resolution of ∼ 0.04 nm over a 1.3 nm bandwidth but with a device size of the order of square centimeters [10] . Reducing the footprint of interferometric spectrometers is vital, if such spectrometers are to be integrated in future lab-on-a-chip devices [11] .
It has recently been shown that slow-light methods can be used to enhance the spectral resolution of various types of spectrometers by a factor as large as the group index [12] [13] [14] . The application of such methods to integrated photonic devices could allow us to further reduce the footprint of on-chip spectrometers without sacrificing their performance. In this paper we investigate the applicability of photonic crystal waveguides to spectroscopic applications by taking into account both their group index and the associated loss. Photonic crystal line-defect waveguides (PhCWs) are one of the most prominent on-chip slowlight methods. W1 waveguides, in particular, which are formed by removing one row of holes from a triangular-lattice photonic crystal, have been shown to have group indices near the band edge of the order of 200, albeit with significant group-velocity dispersion (GVD) [15] . For delay-line applications it is desirable to minimize the GVD over the operating frequency range of the device, such that signals are not significantly distorted after passing through the device.
On-chip slow light
To that end, the waveguide's dispersion profile is tailored by suitably shifting and scaling the holes adjacent to the line defect ( Fig. 1 ) [16] [17] [18] . By properly optimizing the geometry, it is possible to engineer a plateau in the group-index profile [see, e.g. Fig. 1 (c)], the bandwidth of which can be increased at the expense of the group-index value.
In designing such waveguides, the most commonly used figure of merit is the group index bandwidth product (GBP) [19] , n g Δω/ω 0 , where the bandwidth Δω is defined as the frequency range centered at ω 0 over which the group index remains within 10% of its average value n g . This can be thought of as a length-independent equivalent to the delay-bandwidth product, and can be used to evaluate the waveguide's performance in slow-light delay-line applications. Considerable effort has been put towards optimizing the design of PhCWs for this figure of merit, with typical values in the range of 0.1 -0.4 for an optimized W1 geometry [19] and up to 0.5 for more exotic designs [20, 21] . The group index bandwidth product is not, however, the most pertinent figure of merit for spectroscopic applications, as it does not take into account propagation losses.
The characteristic spectral resolution and working finesse of PhCWs
In the ideal case of lossless propagation, the spectral resolution of a slow-light spectrometer, which is proportional to the size of the structure, is unbounded, as the characteristic length of the slow-light medium can be made arbitrarily large. For any realistic device, however, the effects of loss must be considered. The performance of slow-light spectrometers in the presence of loss has been studied for various spectrometer configurations, and is found to be bounded by the ratio of the group index n g of the slow-light medium to the associated loss α [14, 22] . This quantity, cα/n g , which we hereafter refer to as the characteristic spectral resolution δ ω, allows us to assess the performance of the slow-light medium independently of the specific geometry of the spectrometer in which it is used.
The dispersion of this quantity limits the useful working bandwidth. We therefore propose optimizing the geometry of PhCWs for the working finesse F W , defined as the ratio of the spectroscopic working bandwidth Δω to the characteristic spectral resolution [14] . In essence, the working finesse gives the maximum number of spectral lines resolvable by a spectroscopic setup using such slow-light waveguides.
Here, the working bandwidth is defined as the frequency range over which the spectral resolution does not change by more than 10% of its average value. This is, in general, different from the bandwidth discussed in the previous section because the loss is also frequency-dependent. Photonic crystal waveguides are intrinsically lossless; loss in such systems is induced by disorder [23] . Inevitably, the fabrication process will be imperfect, resulting in sidewall roughness and lithographic inaccuracies. Fields that sample this disorder will be scattered out of the desired mode. There are two components to this loss: out-of-plane radiation losses, which scale linearly with group index, and backscattering losses, which scale quadratically [24] . This scaling arises from an increased density of states (in 1 dimension, DOS ≡ dk/dω), which, in the case of backscattering, applies to both the forward and backward propagating modes. As such, this scaling is fundamental, and cannot be overcome. However, since scattering occurs only at the disorder sites, it is possible to engineer the distribution of the mode to minimize the field overlap with the hole boundaries, and hence minimize the loss.
Following [25] , we express the loss as
where γ(k) and ρ(k) are mode-dependent parameters involving integrals of the fields over the hole boundaries. Explicit formulas for γ(k) and ρ(k) are given in [25] . The constants c 1 and c 2 encapsulate technological parameters such as disorder and index contrasts and are to be used as fitting parameters to experimental data. For the purposes of this paper, we use the values of c 1 and c 2 determined by O'Faolain et al. [25] , and calculate γ(k) and ρ(k) using a suitably-modified version of the code provided by Beggs and Schulz [26] for the freelyavailable software package MIT PHOTONIC BANDS (MPB) [27] . It should be noted here that this rather simplistic model does not take into account the effects of multiple scattering. If the backscattering coefficient is large, light will be backscattered multiple times as it propagates through the waveguide, leading to a break-down of the BeerLambert law [28] and the emergence of localization phenomena [29] . When the characteristic localization length is shorter than the waveguide, sharp resonances appear in the waveguide's transmission spectrum [30] , which would be especially detrimental to the performance of a slow-light spectrometer. Therefore, the treatment presented here is strictly only valid for waveguides shorter than ∼ 150 μm, and with moderate group-index values. This constraint is expected to relax as fabrication procedures improve.
Results and discussion
The structures we consider in this paper consist of a triangular lattice of air holes in an air-clad Si membrane of thickness 220 nm. The lattice constant is a = 398 nm, and the hole radius is r = 0.286a. For these parameters, the first band-gap of the bulk photonic crystal extends from 1321 to 1562 nm. To form the waveguide, one row of holes in the nearest-neighbor direction is removed. We have performed a rudimentary optimization of this geometry for both the group index bandwidth product and the working finesse by scanning over the radius r 1 , and lateral shift s 1 , of the holes adjacent to the line defect (Fig. 2 ). This optimization is by no means exhaustive, and can be extended to a larger parameter space (most commonly, the radii and shifts of the second and third row of holes). In Fig. 3 , we compare the calculated group index, loss, and characteristic spectral resolution of two waveguides: the one with the maximum GBP (r 1 = 109.5 nm, s 1 = −47.8 nm) and that with the maximum F W (r 1 = 102 nm, s 1 = −39.8 nm). Both waveguides present moderate group-index values (28.7 and 26.4, respectively). Since the footprint of slow-light spectrometers scales as 1/n g , spectrometers based on these waveguides could have a footprint more than six times smaller than one based on conventional Si waveguides, whose group index is approximately 4, without suffering a degradation in spectral resolution. Comparing the two designs, however, one can see that for the first waveguide the associated propagation loss is higher over the entire working bandwidth. As a result, the second waveguide has both a finer characteristic spectral resolution (4.6 GHz, or 0.04 nm) and a wider spectral working bandwidth (12.5 nm), and can resolve 50% more spectral lines than the first one.
Conclusion
In this paper, we have investigated the applicability of photonic crystal waveguides to highresolution on-chip spectrometers. We have proposed a new optimization metric, the working finesse, which relates to the maximum number of spectral lines a slow-light spectrometer can resolve. Through numerical simulation, we have shown that a photonic crystal waveguide optimized for working finesse could form the basis of a spectrometer with a spectral resolution of 0.04 nm over a 12.5 nm bandwidth while allowing for a sixfold reduction of the device's footprint. Even better performance could be achieved by further optimizing the waveguide geometry.
